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Abstract—We show the exact values of the scaling coefficients of length 8 and
10 for Daubechies’ orthonormal scaling functions. © 1999 Academic Press
In a recent article by Calderbank, Daubechies, Sweldens, and Yeo [1], they wrote
“ . . . orthonormal filters with an assigned number N (N $ 2) of vanishing mo-
ments . . . (these) coefficients are real numbers which can be computed with high
precision, but for which we do not even have a closed form expression if N . 3.” Well,
it happens that we know the closed form expressions for N 5 4 and N 5 5. Here we
describe briefly the derivation of the exact values. For more details, please read the “Ten
Lectures” [2] and the technical report by Shann and Yen [3].
Let {c0, c1 , . . . , c2p21} be the orthonormal filters with an assigned number p of
vanishing moments. Define the frequency response function
m0~j! 5
1
2 O
k50
2p21
cke
2ikj
.
Let z 5 e2ij. Take the z-transform of the frequency response function m0(j), we have
H~ z! 5
1
2 O
k50
2p21
ckz
k 5 C~1 1 z!pL~ z!, (1)
where L( z) is a polynomial of degree p 2 1:
L~ z! 5 O
k50
p21
akz
k
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and C is determined such that H(1) 5 1. Define
Q~ z! 5 O
k50
p21Sp 2 1 1 kk DS2 2 z 2 z
21
4 D
k
.
Here
u 5 700 1 210Î15,
v 5 28u1/3 2 70 z 21/3 1 ~2u!2/3 1 6u1/3Î35,
s 5
56u1/3Îv 1 70 z 21/3Îv 2 ~2u!2/3Îv 1 12u1/3Î35v 1 336Î3u 1 48Î105u
u1/3Îv .
Once we have the values of ak, the scaling coefficients ck are determined by
~c0, c1, . . . , c7! 5
1
32 ~1, 4, 6, 4, 1! p ~a0, a1, a2, a3!,
where p means the discrete convolution. If we choose a 5 a1, we have the “minimum
phase” orthonormal scaling function. If we choose a 5 a2, we have the “least asymmet-
ric” orthonormal scaling function.
For the case of p 5 5,
z4Q~ z! 5 35 2 350z1 1 1520z2 2 3650z3 1 5018z4
2 3650z5 1 1520z6 2 350z7 1 35z8
and C 5
1
256Î2 in (1). The trick is to write
Q~ z! 5 35Sz 1 1zD
4
2 350Sz 1 1zD
3
1 1380Sz 1 1zD
2
2 2600Sz 1 1zD 1 2048
5 35~ z2 2 az 1 1!~ z2 2 az 1 1!~ z2 2 bz 1 1!~ z2 2 bz 1 1!.
Again, a computer algebra system fits in here and solves a and b:
a 5
5
2 1
1
70 Î35v 2
1
70 Î35@~290u
1/3Îv
2 480 z 21/3Îv 2 4~2u!2/3Îv 2 150Î35u1/3!/~u1/3Îv!#1/ 2.
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and
b 5
5
2 1
1
70 Î35v 2
1
70 Î35@~290u
1/3Îv
2 480 z 21/3Îv 2 4~2u!2/3Îv 1 150Î35u1/3!/~u1/3Îv!#1/ 2.
Here
u 5 2450 1 210Î35i,
v 5
245u1/3 1 480 z 21/3 1 4~2u!2/3
u1/3
.
Let
s 5
a 6 Îa2 2 4
2 and t 5
b 6 Îb2 2 4
2 . (2)
Then
z4Q~ z! 5 35~~ z 2 s!~ z 2 s#!~ z 2 t!~ z 2 t#!!SSz 2 1
s
DSz 2 1
s#DSz 2 1t DSz 2 1t#DD .
Therefore we can set
L~ z! 5
Î35
usu utu ~ z 2 s!~ z 2 s#!~ z 2 t!~ z 2 t
#!.
Thus
~a0, a1, a2, a3, a4! 5
Î35
usu utu ~usu
2utu2,22~utu2Rs 1 usu2Rt!,
usu2 1 4RsRt 1 utu2,22~Rs 1 Rt!, 1!.
Here Rs means the real part of s, and Rt the real part of t.
Once we have the values of ak, the corresponding scaling coefficients ck are determined
by
~c0, c1, . . . , c9! 5
1
128Î2 ~1, 5, 10, 10, 5, 1! p ~a0, a1, a2, a3, a4!.
It does not matter if we choose a# instead of a. If a and a# switch their roles, then s and
s# switch their roles and L( z) does not change. If we choose both of the 6’s in (2) to be
1, we have the “minimum phase” orthonormal scaling function. If we choose the 6 to
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be 1 for s and 2 for t, we have the “least asymmetric” orthonormal scaling function. The
other two choices will give the reflections of the above two choices.
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